
M,Sc. (Part-I) Semester-I (C.B.C.S, Scheme) Examination
102 : MATIIEVA'I'lCS

(Advanced Abstract Algebra)

Time : Thrcc llours] [Madmunr Marks : 80

Notc :- Solve any ONE questiol ftom each 1]nit.

TINIT-I
l. (a) Prove that, a subgroup H ofa group G is normal in G if and only if,

g'HC H V g€G iff
grhgeH V heH, geG 8

1t) Let G be a finite group of order p', rvhcrc p is prime and n > 0 then prove tha! i

(i) G has a nontrivial center Z.

(ii) Zr]Nisnontrivial for any nontrivial normal subgroupN ofc 8

2. (c) Let G be a group and let X be a sct. Prove that :

(i) lfX is aG-sel, then the action ofG onX induces ahomomorphism{: G + S*.

(ii) A.nyhomomorphism$:G + Sx induces anactionofG onto X. 8

(d) Lct H and K be normal subgroups ofa group c and K q IL Provc th"t * #+.
8

UNIT-II
l. (a) Let G be a group of ordcr 108. Show that thcre cxist a normal subgroup of order

21 or9. I
(b) Let p bc a prime dividing 0(G) where G is a finite group. Show that :

C) IfKis nonnal in G andP is a Sylow p-subgroup, then P 
^ 

K is a Sylow p-subgroup
olG

(ii)

CDv
(iij) E\en S\lou p.subgroupof,. isotrle form l| uhere P is a Sllow p-suhgroup.KK'

ofG 8

Provc that, a s11ow p-subgroup ofa finite group G is Lmique iffit is normal. 8

Definc Altcrnating group ,{.. Provc that 4,, n > 4 is thc only nontrivial normal subgroup
of S. 8

UNIT-III
Ir1 A and B bc two ideals of a ring R, then prove that :

A+B A

!! is a sylow p-subgroup of 9

,1 (c)

(d)

s. (a)

B AnBo

8
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(b) LeL R be a commutaiir'. :ing. Prove that en ideal P of R is a primc idcal ilf for two ideals

A, B of R. AB q P implies either ,\ q- P or B q P. I
lc) Prole that. Let R,. R,. . .. R- bc a larnilv ol rinqs. and lct R : Rr x R, r Rr x .. . x R"

bc thcir dircct producl. Ler R': {(0. .. 0. a,, 0, 0tra, e R,). Then Ir = o i tli is

sunr of ideals ofR. lhen R : A, x .\- x ... r A. . the direct product ofAis considered is

rings on thcir o$,n right. 8

(d) Dclinc:
(i) Maximal ideal

(ii) Prime ideaL.

In ring R \\ilh udty, prove lhal each maximal idcal is prime. But the convcrsc is in Seneral
not 1ruc. I

IINI'T-IV
(a) D(tlne Uniquc Factorization Dornains and prove that commulative integral domain

R = la + b1-5 / a. b e Zlis nt't uniquc lactorizrtion domain. 8

(t) Defne :

(i) Prime lllement

(ii) TreducibleElement.

Prrve that, in a Principal Ideal Domrin (PID) tn eiement is pimc lf and onl) if it is

ineducible. 8

(c) Define:

(i) Euclidean Domain (ED)

(ii) Principal ldeal Domain (PID).

Prove that. every ED is a PID. 8

(d) Prcve that ifI is a lield. rhen F[xl rs a Luclidean Donain. 8

IINIT-V
(a) l-et R be a ring *ith unif.,,. Let IIom, (R, R) denotc thc ring ofendomorphism ofR rcgardcd

as a right R-modulc. Then pro\,e tha!. R-llom"(R.R) as rings. 8

(b) D.line i

O C1'clic lvtodule

(ii) Simple R-mod le

and lct M be a simfle R-module then sho$ 1hat HomR(\4, M) is a division ring. 8

10. (c) lf Mis an R-modutc ar.d x e M lhen show thal the setK: {rx + nx /r e R, n e Z}
is an R-submodule cfNl oontaining x. I:urtheq if R has unity, then K = Rx. 8

(d) Lcl A and B bc R-subrnodules ol R module M and N rcspectively. Then show that

a diroct sum ofidealsR'and R: -R as rings; on the other hand, if R = @ , A, , a dirccl

8

I

\l'PZ Sl2l

lvl xN-M N
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