
AQ-E76

It[.Sc. Part-I (SGnqtcr-II) (CECS Sctco8)

Ereuinrtior (Old)

MATHEMATICS

(Adtrtrced Ab rtc' Algebrr-Il)

PrPGr-VII-201

Tmc-Three Hours] [Maximum Marks-s0

Note :- Solve FIVE questions' sel'cring ONE fiom

each Unit'
UIt.^IT-I

l. (a) Let(x)=a!+arx+ + a.x" e z[x]'n> l' Prove
' '-' ,frr,lf tu.* is a prime p such that Pri a0' plao'

npt -'Ol""-,'Pf a"' then f(x) is ineducible

over Q

rh| Lel D(x) be 8n ireducible polyrcmia'l in F[x] and let

'-' , ii "'t*, of p(x) iD an exrcnsion E of E then

prove that :

O F(u), the subEeld ofE gererat€d by l'and u is

' the s€t

Ftul={b"+bru+.' + b.u' € EJbo + brx

+...+b.x-€Flxl)
C'i) IfttE d€8rce ofp(x) is D fte s€t (l' u ... u"
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forms a basis ofF(u) over F and [F(u):Fl
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2. @)

(d)

3. (a)

(b)

4. (c)

Define the splitting field of (x) over field F. Let K
be a splitting field of the pol).tromial f(x) e F[x]
over a field F. If E is another splining field of (x)
over F then prove thd there exists an isomorphism
o : E -+ K that is idelrity oll F. g

Irl E b€ a! algeb,raic extensioD ofa field F cotrtlined
iD atr algebmic closue F ofF. Thea prove that the
followiog conditions re oquiva.lent :

@ Every ineducibte polynomial in F[x] thar has a
mot in E splils ioto lincar factors in E

(ii) E is the splitting field of a fonily of polyuomials
in F[x]

(ii) Every embcdding o of E in F thar keeps caah
€lement ofF fixed maps E onto E. E

I,INIT_II

Dcfinc rhe prime 6eld and prove thar the prime 6eld
ofa field F is eithcr isomorphic to e or to z(p)
where p is a pdme. g

State ard prove thc fiuxiameotal theorcrr ofAlgetna.

8

Proye rhal any fitrite field F with p elerrents is the
splitting field ofxr" - x € Fe[x], CoEsequcntly aDy
two fiIite Iields with po elemetrts arE isomorphic.

E

UNIT-V
9. (a) tEt M b€ a finitely generded Eodule over a principal

ideal domain R. then prove rhar :

M=FeTorM
wh€rc (, F : Rt for sorne nomregalive iDtegsr s

(ii) Tor M = R/Rai e ... @ R/Ra,, where
a. are nonzero EoDunit elerEents in R
such rhat ar lq I ... la,. I

(b) Reduce the marix A =
0l
rl
,)

canonical form. E

10. (c) l,et W b€ a subspace ofV Let T e Homr(y V)
such th&t TW G W. Then prove that W is a
T-cyclic zubspace ifaod qt/ if tlrerE sxist s an elqnefl
w € W such that {*, t*, , fj-, is a basis of W
forsomek> l. g

.(d) Find the invadant factors, elementary divisoE and
the Jordan canonical form ofthe Eatrix :
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(d) Let H be a ftnite subgroup of the grouP of

automorphisms of a field E. Thetr prove that

B: Eul = lHlrvtroe E, = {x e 8o,,, = x for ell o e H}'
8

TJNTT_III

(a) Defirrc the no cyclotomic polynomial O"(x)' Hence

find q(x). 6

(b) Prove that O,(x) = fl(x - w) is an irreducible

potfmrnial of deglEe (n) in z[x], u&€re w is primitive

nu root in G l0

6. (c) Prove lhat a Polynomial (x) e F[x] is solvable by

radicals over F if its splining field E over F has

solYable Calois group G(E/F). 8

(d) Show that th€ potyDomisl x? - loxt + 15x + 5 is oot

soliEble by rsdi(als ov€r Q. 8

UNIT-IV

(a) l,€t R be a PID 8nd let F be a ftee R-module with

a basis consisting of u elements. Then prove that

any submodule K of F is also fice with a basis

corsisting of m elcmenrs such that m < D, 8

7
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(b) Obrain thc Smitir normal tbrm and rank for thc
follo\aing mau.ix over the pID elxl :

-x -
I -x
I -3

ol
'll

-*-2)
I

8 (c/ Prove rbal ifA is an rE x n matrix ovcr a fJrincipal
ideal domai! R, thcn A is equivalert to ! rnatrix tlut
has the diagonal folm

l
I

I

I

i

I

I
I

ol

0

a

I

where the a, * 0 8nd ar la, I ... la.. g

(d) Find the invariant factors ard raDk of rhc matrix

-x 4

-3 6 - x
4 -8

3

-2-x
4

over the ring Q [x]. 8
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