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AQ-875

M.Sc. Part-I (Semester—II) (CBCS Scheme)
Examination (Old)

MATHEMATICS (201)
(Measure and Il_llteg'ratﬁi_on Theory)
Time—Three Hours] [Maximurn Marks—80
| Note :— Solve ONE quest-ion from each Umt
UNIT-—I

1. (a) Show that for any set A, m*(A) = m*(A + x), where
A+x={y+x:y € A}. SRS 8

{b) Let '{Ei} be a sequence of measurable sets. Then
show that :

@) IfE cE,cE,..,wehavem@mB)=lmm(E)

(@ IfE oEoE,..,andm (E) < e for each i,
then we have m (lim E)) =lim m (E)). 8

2. (c) Show that for any sequence of sets {E },
m{UE*]SZm*fﬁa B
i i=1
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(d)

(a)

(b)

(©

Let {fn} be a sequence of measurable functions

defined on the same measurable set. Then show

that :

() Sup fn is measurable

(i) inffnis measurable

(i) lim sup fn is measurable

(iv) lim inf fn is measurable. 8
UNIT—I1

Define integral of (i) a simple measurable function

(i1) a nonnegative measurable function f. Show that

both the definitions coincide for any simple measurable

function. 8

Show that if f is an integrable function, then

Jf dx E; < _ﬂf idx . State and prove the condition

under which equality in the above inequality occurs.
8

Let f and g be non-negative measurable function.
Then show that :

@ f<g= Ifdx < Jgdx
() Iff<gon ameasurable set A, then

Ifdx < Igdx

A A
(i) Fora20, fafdx=a frax
(iv) For measurable sets A and B, if A > B then

Ifdx > If dx . 8
A B
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UNIT—V

9. (a) Show that if f, g € L*(u) and a, b are constants
then af + bg e LP(u). Further show that if

u(x) <, and 0 < p < q <o, then La(py < LP(p).

8

(b) Letpz 1 and let f, g € L°(p). Show that
(Jﬂf rgPdn) < (ﬁf ,"du)”p+(ﬁs|"du)”p-
8

10. (c) Letybe convex on (a, byanda<s<t<u<hb.
Show that v (s, ) < v (s, u) £ v (1, v), where

W) -~ wis)
t-s

t . yis, t) = 8
(d) Define fn — f in measure. Show that if a sequence
of measurable functions converges in measure, then
the limit function is unique a.e. 8
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(d) Let {fn} be a sequence of integrable function such

that 3" fifn| dx <co. Then show that 3 (x

n=1 n=|

converges a;e., its sum f(x) is integrable and

[rdx = 3 [nax. 8

n=1

UNIT—III

5, (&) Define four derivates of a function f. Find four

derivates of the continuous function fat x = 0

axsinzl+bx cbsZl , x>0
X X
f(x) = 0 , x=0
al)csinzl + b'x cos? —1- , X<
X X
where a < b, a' < b, 8

(b) Iff e L(a, b), then show that :
@ Fx)= If(t) dt is continuous on [a, b}

(i) F e Bv|a bl 3
6. (c) Letfe Bv [a,b], then show that fib) -~ fla) =P - N,
and T =P + N, all variations being on [a, b}, a, b
finite. 8
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(d) Iffis finite valued monotone increasing function defined
on finite interval [a, b}, then show that {'is measurable

b
and [f'dx < f(b) - f(a). 8
; |
UNIT—IV
7. (a) Define:
(i) Ring of sets

(ii) o-ring of sets
(iif) cs-algel;ra of sets.

Show that every a-algebra is a o-ring but not
conversely. ' 8

(b) Let u* be the outer measure on H(R) defined by
p on R, Show that &* contains 8(R), the ¢-ring
generated by R. 8

8. {¢) Ifpis a measure on a ring R, then show that for
' A, B € R, A c B we have H(A) < WB). 6

(d) Let u* be an outer measure on H(R) and let 8*
denote the class of u*-measurable sets. Show that
&* is a o-ring and p* restricted, to 6* is a complete
measure. 10
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