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UNIT_V
(a) IfS alld T arc two bounded self-adjoint positivc

operators on a Hilbqt space H such thal ST _ TS
and if

(
sr= 

dll,snrr = si - S', n)l,1fiep show rhat

o<s"<t. E

Show that a bounded operator p : H -+ H on o
Hilbert space H is a projection ifand only ifp is
self-adjoint and P, = p. E

Suppos€T is a positive bormded selfrdjohl op€rdor
on 8 Hilb€n spaca H.

PutAo=6 andA, = n"* j G-4), n >0.

Show that

@ A"<l,n>0,
(ii) A" < Ad,, n > 0. E

hove that on a Hilben space H, tbe follqwing hold :

O P = PrPz is a projecrion on H if ;d orly if
PI, P2 cornmute. In that case p projgcts H
olto P,(H) 

^ 
pr(H).

G) Two closed subspac€s y and V of H are
orthogooal ifand only ifpyp, = O. t

(b)

10. (c)

(d)
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Note :- Solve ONE question ftom cach Unit.

UNIT-.-I

l. (a) Show that for a bounded linea, operaror
T : Hr -+ H, H, I! being Hilben spaces, Hilben-
adjoiat operaror T' : t! _+ H, exists, is uniqrrc and
is a bouadcd lineqr operator with ll T. ll = ll T ll.

t
@) Show that every Hilbert space H is reflexive. g

2. (c) If h : H, x H, -+ K is a bourtd€d sesquilinear fom,
Hl, H, being Hilbert spacss, then show that therc is
a bounded linear operator S : Hr J H, such thar :

[) h(x, y) = <Sx, y>, x € H, y e Hr

G) S is uiquely dercmrined by h

C'ii) llhll = llsll. E
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3. (a)

(d) For a bounded lin€€I operator T: H +H'H being

Hilberl space, show thst :

@ If T is self-adjoint, <Tx, x> is real for all

xeH.
(ii) lf H is complcx ed <Tx, x> is real for al[

x € H. then T is self-adjoint. t
UNIT_N

Show that 0l€ rEsolierfl sa p(f) ofa bormdcd linear

opcrator on a comPlcx Banach spacr is opcn. 8

For T e B (x, x), x being a complex Baruch space

and p(f) = a. XI + ...... + au a. + 0, show that
p(o(T)) = oGG)). 8

For T € B(x, x), x bcing a complcx Banach spacr

and I, p e p(T). Show that :

G) The resolvent R, ofT satisfics

R,,-\=(rr-r)R,\.
(ii) \ commutes with wery S e B(x' x) which

commutcs w h T.

(o q\=Rq. 8

lfx + {o} b a coEplex Banach spoce and T € B
(x, x), shotv that p(I) * l. t

UNTTJII
lf (T") is a scquence of compost littrar opcrarors

from-a normcd space X into I Bsrsch spac€ N
show thx if {\) is unifomly oFialor convcrgent'

then the limit opelator is compact. 8

Shorx that lhe set ofeigerNalues of a compact lin€ar

operato!T:XJX, X being Dormed space, is

courtable (m8y bc finite or empty) and thc oo.ly

poasible poiot of accumulstion fu t = 0- 8

Provc compectness of T : P + l'4 dcfined by

E,
y = (rtj) =Tx,.rh.r" l,=?, j > r,*= (er) . e

Show tM tlE rEEe R(I) of a corryc linca o'Dcrm
T:X --rYis sepanble. Hete X andYarc normed

spaccs. t
LNIT_IV

Show that thc spcctsum o(f) of a bormdcd self'

adjoiDt line{ opqstor T : H -+ H on a complex

Hilbert space H is rcal. t
I>ftE rEsidual *octum of I boudrd lio€q Q(rd((
on a csnptex Hitbert spoDe H. Slrow &ar the nsitlul
specrrum ofa bounded sclf'adjoinr operator on a

comptex Hilbst sFc. H is cmPty. 8

If T is a bounded sclf-adjoint operdgr m a complex

Hilbert spsce H and m = ffi-r 'T*, *',
M = l.r <Tx, P abow thar o(T) c [E' M ].

8

IfT is a bounded sclf-adjoint operalor on a corlDlex

Hilbert spac€ H End

E = tfi=r <Tx, x>, M = lf,=, <Tx, * sbow that

IlTll - max{lnl, lml) = ifi=, l<Tx, x>1. t

(b)

6. (c)

(d)

7. (at

o)

8. (c)

(d)

o)

4. (c)

(d)

5. (a)
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